Problem Bank for Linear Algebra (Aug. 2026)

Textbook: Linear Algebra written by Friedberg, Insel and Spence

Problem 1. Let V and W be vector spaces over a field F. Let Z = {(v,w)|v € V and w € W}. Prove
that Z is a vector space over F' with the operations

(v1,w1) + (vo,we) = (v1 + vo, w1 +wa) and c(vy,wy) = (cvy, cwy).

Problem 2. Let V = {(a1,a2)|a1,a2 € R}. Define addition of elements of V' coordinate-wise, and for
(a1,a2) in V and ¢ € R, define
0,0 if e=0
c(ar,a2) = {( )

(cai, %) if ¢ #0.

Is V' a vector space over R with these operations? Justify your answer.

Problem 3. In each part, determine whether the given set is a subspace of R3 under the operations of
addition and scalar multiplication defined on R3. Justify your answer.

(1) Wy, = {(a1,a2,a3) € ]R3 | a1 = 3a9 and az = —ag}

(2) Wy = {(al,ag,ag) S R3 | ay = asz + 2}

Problem 4. Prove that a subset W of a vector space V is a subspace of V if and only if W # () and
axr +y € W whenever a € F and x,y € W.

Problem 5. Let W; and W5 be subspaces of a vector space V. Prove that W; U W5 is a subspace of V' if
and only if W1 Q W2 or W2 g Wl.

Problem 6. In each part, determine whether the given vector is in the span of S.
(1) (-1,2,1) and S ={(1,0,2),(—-1,1,1)}
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Problem 7. Show that a subset W of a vector space V is a subspace of V if and only if span(W) = W.

Problem 8. Let S = {(1,1,0),(1,0,1),(0,1,1)} be a subset of the vector space F*.
(1) Prove that if F' =R, then S is linearly independent.
(2) Prove that if F' = Zs, then S is linearly dependent.

Problem 9. Let u and v be distinct vectors in a vector space V. Show that {u, v} is linearly dependent if
and only if u or v is a multiple of the other.

Problem 10. Let V be a vector space, and let S; C Sy C V.
(1) Prove that if Sy is linearly dependent, then Sy is linearly dependent.
(2) Prove that if Sy is linearly independent, then S; is linearly independent.



Problem 11. The vectors u; = (1,1,1,1), ug = (0,1,1,1), ug = (0,0,1,1), and ug = (0,0,0,1) form a basis
for F*. Find a unique representation of an arbitrary vector (ay,az,as,as) in F'* as a linear combination of
u1, U2, uz, and uy.

Problem 12. Let F be a field and let W = {<g 2) |a,b € F}. Then the set W is a subspace of Mayxa(F).
Find a basis for W.

Problem 13. Find a basis for the subspace W = {(a1, as, a3, as,as) € F°|as = az = a4 and a; + a5 = 0}
of F°,

Problem 14. Let u and v be distinct vectors of a vector space V. Show that if {u, v} is a basis for V' and
a is a nonzero scalar, then {u + v, au} is also a basis for V.

Problem 15. Let V be a vector space having finite dimension n, and let S be a subset of V' with n vectors.
Show that S is linearly independent if and only if S spans V.

Problem 16. Justify your answer.
(1) Do the polynomials 2® — 222 + 1, 422 — 2 + 3, and 3z — 2 generate P3(R)?
(2) Is {(1,4,-6),(1,5,8),(2,1,1),(0,1,0)} a linearly independent subset of R3?

Problem 17. Show that a maximal linearly independent subset of a vector space V is a basis for V.

Problem 18. Let 8 = {uy,us,...,u,} be a basis for a vector space V' over the field Zs. How many vectors
are there in V7 Justify your answer.

Problem 19. Give three different bases for Mayo(F).

Problem 20. The set of all symmetric matrices in May2(R) is a subspace of May2(R). Find the dimension
of this subspace.

Problem 21. For a fixed a € R, determine the dimension of the subspace W of P3(R) (the vector space of
polynomials of degree at most 3 with coefficients in R), where W = {f € P3(R) : f(a) = 0}.

Problem 22. Let W7 and W5 be subspaces of a finite dimensional vector space V. Show that W; C Wy if
and only if dim(W; N Wa) = dim (7).

Problem 23. Let V and W be vector spaces over a field F', and let T': V' — W be a function.
(1) Prove that T is linear if and only if T'(cz + y) = ¢T'(x) + T(y) for all z,y € V and for all ¢ € F.

(2) Prove that T is linear if and only if T'(a121 4 - -+ anzyn) = a1 T (1) +- - -+ a,T(xy) for all z1,...,2, €V
and for all aq,...,a, € F.



Problem 24. In the following, prove that 7" is a linear transformation, and find bases for N(7T) and R(T).
Then compute the nullity and rank of T', and verify the dimension theorem.
(1) T : R? — R? defined by T(a1,a2,a3) = (a1 — as, 2a3)

(2) T': May3(R) — Max2(R) defined by T' (all 012 a13> — (2a11 —aj2 a3+ 2a12> ‘
az1 Q22 Q23 0 0

(3) T : P2(R) — P3(R) defined by T'(f(z)) = zf(z) + f'(x).

Problem 25. Suppose that 7' : R? — R? is linear, 7'(1,0) = (1,4), and 7'(1,1) = (2,5). What is 7(2,3)?
Find a basis for N (7).

Problem 26. Let V and W be vector spaces over a field F, let T : V' — W be linear, and let {wy,ws, ..., w}
be a linearly independent subset of R(T'). Prove that if S = {v1, ve, ..., v} is chosen so that T'(v;) = w; for
i=1,2,...,k, then S is linearly independent.

Problem 27. Let V and W be vector spaces over a field F, let T : V — W be linear. Suppose
that T is one-to-one and onto. Prove that 8 = {vi,ve,...,v,} is a basis for V' if and only if T'(5) =
{T(v1),T(v2),...,T(vy)} is a basis for W.

Problem 28. Let B be an invertible matrix in M, x,(F'). Define ® : My, xn(F) = Mpxn(F) by ®(A) =
B71AB for every A € My, »,(F). Prove that ® is an isomorphism.

Problem 29. Let V and W be finite-dimensional vector spaces and 1" : V — W be linear.
(1) Prove that if dim(V') < dim(W), then 7' cannot be onto.

(2) Prove that if dim(V') > dim(W), then 7' cannot be one-to-one.

Problem 30. (1) Prove that there exists a linear transformation 7 : R? — R3 such that T(1,1) = (1,0, 2)
and 7'(2,3) = (1,—1,4).

(2) Is there a linear transformation T : R? — R3 such that T(1,-1) = (1,0,2), 7/(2,2) = (1,—1,4) and
T(8,12) = (3,—5,12)? Justify your answer.

(3) Is there a linear transformation 7 : R® — R? such that 7(1,0,3) = (1,1) and T(-2,0,6) = (2,1)?
Justify your answer.

Problem 31. Let T : P»(R) — P(R) and U : P,(R) — R3 be the linear transformations, respectively,
defined by

T(f(z)) = 3+ 2)f (x) +2f(x) and U(a+ bz + cz?) = (a+b,c,a —b).
Let 3 and 7 be the standard ordered bases for P»(R) and R3, respectively.
(1) Compute (U]}, [T], and [UT]} directly. Then use Theorem 2.11 to verify your result.

(2) Let h(z) = 3 —2x + 2. Compute [h(z)]g and [U(h(z))], directly. Then use [U]g from (1) and Theorem
2.14 to verify your result.



Problem 32. Let T: V — W and U : W — Z be linear transformations.
(1) Prove that if UT is one-to-one, then 7" is one-to-one.

(2) Prove that if UT is onto, then U is onto.

Problem 33. Determine whether the following linear transformation 7" is invertible? If T is invertible, find
T

a b

(1) T : Max2(R) — P2(R) defined by T (c d) = a+ 2bx + (c + d)2>.

. a b\ [(a+b a
(2) T': Maxa(R) = Max2(R) defined by T (c d) N ( c c+ d> '

Problem 34. (1) Let A and B be n x n matrices such that AB = I,,. Prove that A is invertible and that
B = A~!. (Hint: Use Lyp = LaLp and Dimension Theorem.)

(2) State and prove analogous results for linear transformations defined on finite-dimensional vector spaces.

a a-+b

Problem 35. Let V = {(0

) :a,b,c € R}. Construct an isomorphism from V' to R3.

Problem 36. Let V and W be n-dimensional vector spaces, and let T': V' — W be a linear transformation.
Suppose that [ is a basis for V. Prove that T is an isomorphism if and only if 7'(3) is a basis for .

Problem 37. The mapping T : Maoxa(R) — Mayo(R) defined by T'(M) = M! for each M € Myy2(R) is a
linear transformation. Let 3 = {E'Y, E'2, E?! E?2} which is the standard ordered basis for Maxo(R).

(1) Compute [T)3.

(2) Put A = [T]g. Verify that Lagg(M) = ¢pgT (M) for M = <;) Z)

Problem 38. Using Theorem 2.23, find an expression for T'(z,y) in R?, where
(1) T is the reflection about the line y = 3z.

(2) T is the projection on y = 2z along the line perpendicular to y = 2z.

Problem 39. Let 7 : R? — R? be the reflection about the line 4y = 3z, and let S : R? — R? be the
reflection about the line y = 7x.

(1) Using change of coordinate matrices, find the matrices [T]g and [S]g, where 3 is the standard ordered
basis for R?.

(2) Show that S o T is the same as the rotation centered at the origi by 7 in counter-clocwise.

Problem 40. Use elementary row and column operations to transform each of the following matrices into
a matrix D satisfying the conditions of Theorem 3.6, and then determine the rank of each matrix.

1 2 0 1 1 1 2 1 0
11 1 2

2 4 1 3 0 2 5 5 1

(1) 3 6 2 5 1 (2) i 2 _11 ; (3) -2 -3 0 3

-4 -8 1 -3 1 3 4 -2 -3



Problem 41. For each of the following matrices, compute the rank and the inverse if it exists.

1 2 1 0 -2 4 1 21
(1 3 4 211 1 -1 3)1-1 1 2
2 3 -1 2 4 =5 1 01
1 21
Problem 42. Express the invertible matrix | 1 0 1| as a product of elementary matrices.
11 2

Problem 43. Let A be an m x n matrix. Prove that if ¢ is any nonzero scalar, then rank(cA) = rank(A).

T1+2x9 —x3 =25
Problem 44. Use A~! to solve the system: x1+ 9+ a3=1
201 — 2x0 + 23 =4

T1+x9 — T3+ 214 =2
Problem 45. Determine whether the system has a solution: 1+ 29 +2x3=1
2$1+2x2+x3+2x4:4

Problem 46. Let T : R? — R3 be defined by T'(a,b,c) = (a+b,b—2¢c,a+2c). For v = (1,3, —2), determine
whether v € R(T).

201 — 2290 — x3 + 64 — 225 =1
Problem 47. Use Gaussian elimination to solve the system: r1— 22+ 23+ 204 — a5 =2
4y —4x9 + 53+ T4 — 5 =6

Problem 48. It can be shown that the vectors u; = (2,—3,1), ua = (1,4,—-2), ug = (—8,12,—4), ug =
(1,37,-17), and us = (—3, —5,8) generate R3. Find a subset of {u1,us, us, us, us} that is a basis for R3.

10 2 0 -2
Problem 49. Let the reduced row echelon form of Abe |0 1 —5 0 —3|. Determine A if the first,
00 0 1 6
1 0 1
second, and fourth columns of A are | —1|,| -1, and | —2 |, resp.
3 1 0

Problem 50. Find the value of k£ satisfying the following equation:

2a1 2a9 2a3 ai az as
det | 3b1 +5¢1 3by +bcg 3bs+5c3 | =kdet | by by bs
Tcy e Tcs €1 C2 C3



Problem 51. Evaluate the determinant of the following matrix using elementary row operations.

LY

W1 2 -5 (2)
6 4 3 0 4 -1 1
2 3 0 1

Problem 52. Prove that det(kA) = k" det(A) for any A € My« (F).

Problem 53. Use determinants to prove that if A, B € M, «,(F) are such that AB = I, then A is
invertible.

A B

Problem 54. Suppose that M € M, (F) can be written in the form M = (O 7

matrix. Prove that det(M) = det(A).

) , where A is a square

A B

Problem 55. Suppose that M € M,,»,,(F') can be written in the form M = (O c

) , where A and C are
square matrices. Prove that det(M) = det(A) det(C).

Problem 56. Use Cramer’s rule to solve the system of linear equations

2x1 + 19 —3x3 =5
1 — 222 + 23 =10
3x1 +4xo — 223 =0

Problem 57. Complete the proof of Theorem 4.7 by showing that if A is an elementary matrix of type 2
or 3, then det(AB) = det(A) det(B).

-2 1 0 0

. , 1 -2 1 0

Problem 58. (1) Compute the determinant of the matrix A = 0 1 —2 1
0 1 -2

(2) Find the inverse of the above matrix A.

Problem 59. Let T : V — V be a linear operator, where V' is an n-dimensional vector space over F. Also
let B8 and ~ be two arbitrary ordered bases for V. Prove that det([T]g — t1,) = det([T], — tI,,).

Problem 60. Let T be a linear operator on a finite-dimensional vector space V', and let 8 be an ordered
basis for V.

(1) Prove that X is an eigenvalue of 7" if and only if A is an eigenvalue of [T'3.

(2) Prove that v is an eigenvector of T' corresponding to A if and only if [v]g is an eigenvector of [Ts
corresponding to A.



Problem 61. For each of the following matrices A € M,,«,(R), diagonalize A, if possible.

1 9 0 -2 -3 2 0 -1
(l)A:<3 2> 20A=1-1 1 -1 B)A=14 1 —4
2 2 5 2 0 -1
2 a b
Problem 62. Let a,b,c€ R, and let A, = [0 —1 ¢ | be the 3 x 3 matrix determined by a, b, c.
0 0 -1

(1) Find the necessary-and-suuficient condition on a, b, ¢ such that the matrix A, . is diagonalizable.

(2) Find all the possible Jordan canonical forms of A,y .

Problem 63. For each linear operator 7" on V, find an ordered basis v for V' such that [T is a diagonal
matrix.

(1) V =R3 and T(a,b,c) = (—4a + 3b — 6¢, 6a — 7b + 12¢, 6a — 6b + 11c¢)
(2) V =PR(R) and T(f(x)) = zf'(x) + f(2)z + f(3)

(3) V = Mayo(R) and T <i‘ Z) = <d b).

c a

% Let V be an n-dimensional vector space over F' and let T': V' — V be a linear operator.

Problem 64. Let W; and W> be subspaces of V. Prove that the following are equivalent.

(i) V=W, ®W,

(ii) If 1 and ~, are bases for W; and Ws, respectively, such that 3 N2 = 0, then the union v; U~y is a
basis for V.

Problem 65. If \; and A\ are distinct eigenvalues of T', prove that Ey, N E), = {0}.

7T —4 0
Problem 66. Let A= [8 —5 0| € Msx3(R). Using diagonalization of A, find an expression for A™,
6 —6 3

where n is an arbitrary positive integer.

Problem 67. Prove that if T is diagonalizable and T is invertible, then 77! is also diagonalizable. (Hint:
Use that A is an eigenvalue of T if and only if 1/ is an eigenvalue of T71.)

Problem 68. Suppose that A € M,,,,(F) has three distinct eigenvalues A1, Ag, A3, and that dim(FE),) =
n — 2. Prove that A is diagonalizable.

Problem 69. Suppose that A € M, (F) is similar to an upper triangular matrix, and that A has the

distinct eigenvalues A1, A9, ..., A\r with multiplicities mq,ma, ..., my, respectively. Prove that det(A) =
ATEAGZ - N



0 0 0 —ag
1 0 0 —aq

Problem 70. Let A= [0 1 0 —a € My« (F). Prove that the characteristic polynomial of
00 --- 1 —ap

Ais (=D)k(ag +art + -+ ap_1tF 1+ tF),

Problem 71. Determine whether the given subspace W is T-invariant or not.
(1) V = P3(R), T(f(x)) = zf'(z), and W = P(R).

0 1

@V = Moal®, 704 = ]

>A, and W ={A eV |Al = A}.
Problem 72. Let Wi, Ws, ..., W) be T-invariant subspaces of V' such that
V=WoWyd. & W

Prove that T' is diagonalizable if Tyy, is diagonalizable for all <.

Problem 73. For each linear operator T on the vector space V, find an ordered basis for the T-cyclic
subspace generated by the vector z.

(1) V=R* T(a,b,c,d) = (a+b,b—c,a+c,a+d), and z = (1,0,0,0).
(2) V = P(R), T(f(x)) = f"(x), and z = 2.

Problem 74. For each T-cyclic space W in # 4, compute the characteristic polynomial of Ty in two ways.

Problem 75. Let A be an eigenvalue of T'. Using the definition of generalized eigenspace, prove that K is
a subspace of V.

Problem 76. Let A and p be distinct eigenvalues of T'. Prove that K, N K, = 0.

Problem 77. For A € Mgxg(R), if char(A) = (—1)%(t + 1)(t — 2)%(t — 3)3, then find all possible Jordan

canonical form of A.

Problem 78. Let U : V — V be linear.
(1) Prove that N(U) C N(U?) C--- C N(U¥) C N(UMH) C ...

(2) Prove that if N(U™) = N(U™*!) for some positive integer m, then N(U™) = N(U¥) for any positive
integer k > m.

Problem 79. Suppose that char(T') splits. Let A1, g, ..., A\x be the distinct eigenvalues of T'. Prove that
T is diagonalizable if and only if N(T — X\ Iy) = N((T — M\ Iy)?) for every 1 < i < k.



Problem 80. For each matrix, find a Jordan canonical form J and an invertible matrix ) such that

J =Q'AQ.

3 3 o 0 -3 1 2
(YA=|-7 6 -3 (2) A= -2 bo-b2
L1 9 -2 1 -1 2

-2 -3 1 4

Problem 81. For each linear transformation 7', find a Jordan canonical form J of T" and a Jordan canonical
basis § for T.

(1) V = Mayo(R) and T(A) = (g ;) A At

(2) V = P5(R) and T(f(x)) = f"(x) + 2f (2).

Problem 82. Let f(t) = char(T') and p(t) = min(T). Prove that if f(¢) splits, then f(¢) divides [p(¢)]",
where n = dim(V).

Problem 83. Find the minimal polynomial of the following matrices.

(] ) ® (o 1) ) _31 % %

Problem 84. Describe all linear transformations 7' : R? — R? such that T is diagonalizable and T3 —
2T% 4+ T = 0.

Problem 85. Prove Theorem 7.13: Let 3 be an ordered basis for V. Then min(7") = min([T3).
Problem 86. Let W be a T-invariant subspace of V. Prove that min(7Tyy) divides min(T).

Problem 87. Suppose that char(7) splits. Let A1, Ag, ..., A\x be the distinct eigenvalues of T, and for each
i =1,2,...,k, let p; be the order of the largest Jordan block corresponding to \; in a Jordan canonical
form of T'. Prove that

min(7T") = (t — A\)PH(t — A2)P? -+ - (t — )P,

Problem 88. (1) Complete the proof in Example 5 that (-,-) is an inner product (the Frobenius inner
product) on M, (F).

(2) Use the Frobenius inner product to compute [[A|, ||B||, and (A, B) for A = <;) 2:—Z> and B =
1+4 0
i —i)

Problem 89. Prove Theorem 6.1(b), (c), (d) and (e).



Problem 90. Provide reasons why each of the following is not an inner product on the given vector spaces.
(1) {(a,b),(c,d)) = ac — bd on R?

(2) (A,B) = tr(A + B) on MQXQ(R)

(3) (f(x),9 fo f'(t)g(t)dt on P(R), where ' denotes differentiation.

Problem 91. Prove Theorem 6.2(a) and (b).

Problem 92. Let V' be an inner product space. Define a function d: V x V — R by d(z,y) = ||z — y|| for
every z,y € V. Prove the following statements for all z,y,z € V (i.e., prove that d is a distance on V).

(1) d(z,y) >

(2) d(z,y) = O if and only if z = y.
(3) d(z,y) = d(y, z).

(4) d(z,y) < d(z,2) +d(z,y).

Problem 93. Give your reason why (A, B) = tr(AB) cannot be an inner product on Maya(R).

Problem 94. If {u,v,w} is an orthonormal set of vectors in an inner product space V over C, compute
liv + v+ (24 0)w||.

Problem 95. Let T : V — V, where V is an inner product space. Prove that if | T(x)|| = ||z| for all x,
then T is one-to-one.

Problem 96. For a given subset S of the inner product space V, find an orthonormal basis 5 for span(5),
and compute the Fourier coefficients of the given vector relative to 5. Finally using Theorem 6.5, decide
whether or not the given vector lies in span(.S).

(1) V=C3, 8 ={(1,i,0), (1 —4,2,4i)}, and = = (3 + 4, 4i, —4).
(2) V = span(S) with the inner product (f,g) = [J f t)dt, S = {sint,cost,1,t}, and h(t) = 2t + 1.

Problem 97. Let V' be an inner product space, and let W be a finite-dimensional subspace of V. If z ¢ W,
prove that there exists y € V such that y € W+, but (x,y) # 0. (Hint: Use Theorem 6.6)

Problem 98. Let W be a finite dimensional subspace of an inner product space V', and let z € V. Suppose
that {v1,...,vx} be an ordered basis for W. If (z,v;) = 0 for every i = 1,..., k, prove that z € W+.

Problem 99. Let V be an inner product space, and let W be a finite-dimensional subspace of V. If x ¢ W,
prove that there exists y € V such that y € W, but (x,y) # 0. (Hint: Use Theorem 6.6)

Problem 100. Let W be a finite dimensional subspace of an inner product space V', and let z € V. Suppose
that {v1,...,v;} be an ordered basis for W. If (z,v;) = 0 for every i = 1,..., k, prove that z € wH.

Problem 101. Let W = span({(#,0,1)}) in C3. Find an orthonormal basis for W+=.



Problem 102. For u = (2,6) € R? and a subspace W = {(z,y)|y = 4z} of R?, find the orthogonal
projection of w on W and the shortest distance from u to W.

Problem 103. Let 7 : P;(R) — P;(R) be a linear transformation defined by T'(f) = f' + 3f. If P(R) is
an inner product space with (f, g) = f_ll f(t)g(t) dt, then evaluate T* at y = 4 — 2¢t. (Hint: See the proofs
of Theorem 6.8 and Theorem 6.9.)

Problem 104. For given set {(—3,9), (—2,6), (0,2),(1,1)} of data, use the least squares approximation to
find the best fits with both (i) a linear function and (ii) a quadratic function.

Problem 105. Let A € M,,x,(F). If W = R(L4+), prove that W+ = N(L4).

Problem 106. Let V be a finite-dimensional inner product space. Let W be a subspace of V, and let
v = {wi,ws,...,wi} be an orthonormal basis for W. Define a linear transformation 7 : V. — V by
T(v) = (v, wg)wy + (v, w1)wy + (v, we)ws + - - - + (v, wk_1)wy, for every v € V. Prove that T" is normal.

Problem 107. Let V = C? be a vector space over C. Show that V has an orthonormal basis consisting of
eigenvectors of T'(a,b) = (2a + (3 + 3i)b, (3 — 3i)a + 5b).

2 l 0
Problem 108. Prove that every eigenvalue of A= | —¢ 1 1 —14 | is real without using char(A).
0 I+: -1

Problem 109. Prove that the composite of unitary [orthogonal, resp.] operators is unitary [orthogonal,
resp.].

Problem 110. For z € C, define T, : C — C by T,(u) = zu. Characterize those z for which T is normal,
self-adjoint, or unitary.

Problem 111. Let V be the inner product space of complex-valued continuous functions on [0, 1] with the
inner product

1
(f.g) = /O F(B)gt) dt.

Let h € V, and define T': V. — V by T'(f) = hf. Prove that T' is a unitary operator if and only if |h(¢)| =1
forall 0 <t <1.

Problem 112. Let A be an n x n real symmetric or complex normal matrix. Prove that

n

tr(A) =" A and tr(A7A) = AP

=1 =1

where the \;’s are the (not necessarily distinct) eigenvalues of A.
Problem 113. Find an orthogonal matrix whose first row is (1/3,2/3,2/3).

Problem 114. Let W be a finite dimensional subspace of an inner product space V. Define T': V — V by
T(v1 + v2) = v1 — v9, where v1 € W and vy € W+, Prove that T is a self-adjoint unitary operator.



